We investigate the value distribution of some second-order differential-difference and q-difference equations. In particular, the existence of Borel exceptional values, and the relationship between the exponent of convergence of zeros, fixed points, and the growth order of the transcendental meromorphic solutions of these equations are studied. The existence of the rational solutions and some other properties of these equations are also studied.
INTRODUCTION
Here we assume the reader is familiar with the basic notions of Nevanlinna theory [1] [2] [3] . We use ρ( f ) to denote the order of growth of the meromorphic function f (z), and λ( f ) to denote the exponent of convergence of the zeros of f (z). We also use τ( f ) to denote the convergence of fixed points of f (z), which is defined as τ( f ) = lim sup r→∞ log N (r, 1/( f −z))/ log r. We also definē f ≡ f (z + 1) and f ≡ f (z − 1). Any quantity satisfying S(r, f ) = o(T (r, f ))(r → ∞), possibly outside a set with finite logarithmic measure, is denoted by S(r, f ) and the field of small functions with respect to f is denoted by S( f ) = {αmeromorphic : T (r, α) = S(r, f )}.
A meromorphic solution f of a difference equation is called admissible if all the coefficients of the equation are in S( f ). In particular, if the coefficients are rational, then an admissible solution must be transcendental, and if an admissible solution is rational, then the coefficients must be constants.
An ordinary differential equation is said to possess the Painlevé property if all of its solutions are single-values about all movable singularities 4 . Painlevé 5, 6 , Fuchs 7 and Gambier 8 completed a substantial classification work, which comprised of sieving through a large class of second-order differential equations by making use of a criterion proposed by Picard 9 , now known as the Painlevé property. Painlevé and his colleagues discovered six new equations, later named the Painlevé equations, which were not solvable in terms of known functions. Actually, the Painlevé equations are six nonlinear ordinary differential equations denoted traditionally by P I , P II , . . . , P VI .
As for the difference type Painlevé equation, it is an important topic in Nevanlinna theory. Ablowitz, Halburd, and Herbst 10 studied the Painlevé difference equationf f = R(z, f ) where R is rational in both of its arguments, stands for either addition or multiplication. They proved that the existence of a nonrational meromorphic solution of finite order implies deg f R 2. This class of equations contains many integrable equations that are called difference Painlevé I-III equations.
Halburd and Korhonen 11 considered
where R(z, f ) is rational in f and meromorphic in z. They proved the following theorem. 
where p, q ∈ S( f ), or equation (1) can be transformed by a linear change in f to one of the following equations:
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where π k , κ k ∈ S( f ) are arbitrary finite-order periodic functions with period k.
Equations (3), (5), and (6) Painlevé equations are a fascinating subject in mathematics. They possess many special features 13 . One of them is that, given a solution of a Painlevé equation (P II , . . . , P VI ) with a choice of some parameter, a special method based on Bäcklund transformations can be used for deriving a new solution with a different value of the parameter, either for the same Painlevé equation or for another. Symmetry is a word used frequently to refer to such a mechanism to construct new solutions by transformations. Specially, Painlevé equations appear in many applications and fields such as hydrodynamics, plasma physics, nonlinear optics, and solid state physics.
Recently, many scholars [14] [15] [16] [17] have focused on complex differential and difference equations and given many results in value distribution theory of meromorphic functions. The aim of this paper is to investigate the properties of the differentialdifference and q-difference type Painlevé III equations.
Chen and Shon 18 studied some of the Painlevé I and II equations, and obtained the following result. 
has infinitely many fixed points and satis-
In the same paper, they also investigated the properties of rational solutions of equation (11) and obtained the following result.
Theorem 3 Let a, b, c be constants, ac
is a solution of (11) 
Zhang and Yi 19 investigated the Painlevé III equations and in particular
and obtained the following theorems.
Theorem 4 (Ref. 19) If f is a transcendental finiteorder meromorphic solution of
(12), then (i) λ( f ) = τ( f ) = ρ( f ); (ii) if µ = 0, then f has at most one non-zero Borel exceptional value for ρ( f ) > 0.
Theorem 5 (Ref. 19) If f is a transcendental meromorphic solution of (13) with finite order
ρ( f ) > 0, then (i) τ( f ) = ρ( f ); (ii) if µ = 0, then λ( f ) = ρ( f ); (iii) f
has at most one non-zero Borel exceptional value.

RESULTS
In the following, we combine differential and difference equation ideas to study the Painlevé equations, which is a new method to research this topic. We investigate some properties of meromorphic solutions and rational solutions of the two differentialdifference equations
and prove the following results.
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is a rational solution of equation (14), Then we investigate the q-difference equation
where P(z, f (z)) and Q(z, f (z)) are polynomials in f (z) without common factors, and we prove the following results.
Theorem 10
Let f (z) be a zero-order transcendental meromorphic solution of (17) , and δ, µ be two constants. Then Suppose that f (z) is a rational function with poles of z 1 , . . . , z m . Then f (z) can be represented as the following form 
LEMMAS
We introduce some lemmas for the proofs of our theorems in this section.
. . , n)(n 2) be meromorphic functions, and g j (z)( j = 1, . . . , n) be entire functions. Remark 1 Chiang, Feng 20 and Halburd, Korhonen 21 proved the difference analogue of the logarithmic derivative lemma, i.e., if f (z) is a finite order function and c is a non-zero complex constant, then 
Remark 2 In Lemma 3, if f (z) is a transcendental function with ρ( f ) < ∞, and U(z, f ), P(z, f ),
Q(z, f ) are differential-difference polynomials in f , then by using a similar method to that in the proof of Lemma 2.4.2 of Ref. 2 , we see that the similar conclusion of Lemma 3 holds.
Remark 3
When U(z, f ), P(z, f ), and Q(z, f ) are qdifference polynomials in a non-constant zero-order meromorphic function f , we can also obtain the same conclusion as in Lemma 3 15 .
Lemma 4 (Ref. 23) Let f (z) be a transcendental meromorphic solution of finite order of the equation
outside of a possible exceptional set of finite logarithmic measure.
Remark 4
When P(z, f ) are q-difference polynomials in non-constant zero-order meromorphic f , it has the same conclusion as in Lemma 4 15 .
Lemma 5 (Ref. 24) Let f (z) be a zero-order meromorphic function, and q ∈ C\{0}. Then
on a set of lower logarithmic density 1.
PROOFS OF THEOREMS
Proof of Theorem 6:
yields
Then we have
It follows from (19) that
Combining this with Lemma 4 yields
Then Q(z, 0) = ηµ = 0. Combining this with Lemma 4 yields m(r,
(iii) Assume that f has two finite Borel exceptional values a and b( = a). Set
Then
Since g is of finite order, we write it as
where d = 0 is a constant, n 1 is an integer, and h(z) is a meromorphic function which satisfies
It follows from (20) and (21) that
and
where
Substituting (22) and (23) into (14) yields (24) where
, where
From Lemma 1 and (24), we have
which is a contradiction. Hence f has at most one finite Borel exceptional value.
Proof of Theorem 7: Substituting f (z) = P(z)/Q(z)
into (14) yields
Let s = p − q. We consider three cases.
which is a contradiction as r → ∞. (1) , and P/Q = o(1) as r → ∞. It follows from (25) that µ = 0. Then (25) can be rewritten as
Observing the above equation, we see the degrees of both sides are not the same, so (14) does not have rational solution under this condition. Case 3:
(iii) If µ = 0, by (i) and (ii), we see that 0, ∞ must not be the Borel exceptional values of f (z). Then assume that f (z) has two non-zero finite Borel exceptional values a and b( = a). We set
is of finite order, we rewrite it as
where d = 0 is a constant, n 1 is an integer, and h(z) is a meromorphic function satisfying
It follows from (27), (28), (29) and (15) that
Combining Lemma 1 and (30) yields 
Set s = p − q. We consider the three cases.
as r → ∞. If (32) holds, then s = 2 and 4a = b. Case 2: s < 0. It follows from (31) that
Comparing the degrees of both sides of (33), we obtain a contradiction. So under this condition, equation (15) has no rational solution. Proof of Theorem 10: (i) Suppose that f (z) is a zeroorder transcendental meromorphic solution of (17) . Then substituting it into (17), we have
It follows from Remark 3 that
on a set of logarithmic density 1. Combining this with Lemma 5 yields
on a set of lower logarithmic density 1. By the Valiron-Mohon'ko theorem 2 and (17), we obtain T (r, f (qz) f (z/q)) = 2T (r, f ) + S(r, f ). Comparing the degrees of both sides of (44), we obtain a contradiction.
(ii) If δ = 0 and µ = 0, it follows from (41) and Case 2 of (i) that C 1 = · · · = C n = 0. Hence
where P(z) and Q(z) are polynomials with deg P < deg Q. Furthermore, we have
for sufficiently large z. Substituting (45) into (17) yields C 4 − 2C 2 − δ = 0. (iii) If δ = 0, using the similar method as above, we have C = 0 or C = ± 2.
